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Abstract The two component approach to the one-dimensional Dirac equation is applied to
the Hulthén potential barrier. The scattering state solutions are obtained in terms of hyper-
geometric functions and the condition for a transmission resonance when the transmission
coefficient is unity is derived.
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1 Introduction

It is well known that the exact solutions of wave equation with certain physical potentials
play an important role in quantum mechanics and both the bound, the scattering and trans-
mission states of the quantum system in the framework of the Schrodinger equation have
been known and understood well [1, 2]. The pioneering works on the computation of trans-
mission and reflection coefficients in one-dimensional potential should go back to Bohm [3],
who coined the definition of transmission resonance to scattering states with transmission
coefficient equal to unity and vanishing reflection and showed that under certain conditions
transmission resonance of the scattering states, characterized by transmission coefficient
T =1, and reflection coefficient R = 0, can be found for well-behaved potentials. After
that, the transmission resonance has been carried out mainly in one-dimensional Schrodinger
equation by Senn [4] and Sassoli de Bianchi [5]. Generally speaking, for the low momentum
scattering by a physical potential, the transmission coefficient at zero energy become zero,
but the reflection coefficient is unity, unless the potential supports a half-bound state. The
so-called half-bound state is described by the wave function that is finite at infinity but is
not square integrable [2].
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Recently, the study of the bound and scattering states of the one-dimensional quantum
system have been generalized to the relativistic equations. The transmission resonance for a
square barrier in the Dirac equation had been known [6] and their relationship to supercritical
states had been pointed out [7]. For some symmetrical and well-behaved potentials, such as
the Woods-Saxon one [8, 9], and the cusp one [10, 11], the transmission resonance of zero
momentum may be observed, the corresponding potential well supports a half bound state
at E = —m as in the square potential case [12].

It is the purpose of this study to compute the scattering state solutions of one-dimensional
Dirac equation in the presence of the spatially Hulthén potential barrier, and show the con-
ditions for transmission resonance. The paper is organized as follows. In Sect. 2 the two
component approach is used to establish the one-dimensional Dirac equation with an ex-
ternal potential V (x). Section 3 is devoted to studying the one-dimensional Dirac equation
with Hulthén potential barrier. The exact scattering state solutions are obtained. In Sect. 4
the transmission coefficient 7' and the reflection coefficient R are derived. The condition
for the transmission resonance when transmission coefficient is unity is obtained from the
conservation of charge. The concluding remarks are given in Sect. 5.

2 The One-Dimensional Dirac Equation

In the presence of an external spatially potential V (x) and taking the gamma matrices y;
and y, to be the Pauli matrices io, and o, respectively, the one-dimensional Dirac equation
can be written as (h=c=1) [8]:

<Uxi —(E - V(x))o, +m>W(X) =0. (D
dx

The Dirac spinor, 1 (x), is decomposed in to two spinors #; and u,, so that

wx):(“‘(x)). @

us(x)

Thus the problem of solving the one-dimensional Dirac equation (1) is reduced to that of
finding the solutions to the coupled differential equations:

%Ml(x):_(m“‘E = V(x)uz(x), 3)
d

d—uz(X) =—(m—E+ V(x)u(x). 4
X

Following a similar procedure to that used by Kennedy [8] and Fliigge [13], introduce the
following combinations

¢ (x) =ui(x) +iuz(x), x(x) =ui(x) —iuz(x). ©)

Substituting these into (3) and (4), the re-arranging gives
d . .
afi)(x) =—imx(x) +i(E—V(x)$(x), (6)
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d
aX(X) =im¢p(x) —i(E — V(x))x(x). @)
The two components, ¢ (x) and y (x), satisfy

d2
@qﬁ(X) +UE-V@)—m*+iV'(0)]p(x) =0, @)

d2
A HIE = V@) =m =iV ()] =0. ©)

Where the primes denote derivatives with respect to x. In the following the solutions for
¢ (x) will be presented by solving (8) analytically. The other component, y (x), can be de-
rived from (6).

3 The Hulthén Potential Barrier and Scattering States

The Hulthén potential is one of the important short range potentials [14] and has been ap-
plied to a number of areas such as nuclear and particle physics, atomic physics, condensed
matter and chemical physics [15-18]. Within a non-relativistic framework the model of
three-dimensional delta-function well could be considered as a Hulthén potential with the
radius of the force going down to zero [19]. Moreover, the relativistic effect for a particle
under the action of this potential could become important, especially for a strong coupling
system [20]. The one-dimensional Hulthén potential barrier is defined as

efx/a ex/a
VX)) =W|O0x) ———— +0(—x)———— |- (10)
1—¢e x/a 1— ex/a

Where the parameter V; defines the strength of the potential barrier and positive constant a
determines the shape of potential, ® (x) is the Heaviside function. The form of the Hulthén
potential is shown in Fig. 1. It should be mentioned that Hulthén potential is not a smoothed-
out form of the potential barrier and does not have a square barrier limit as the Woods-Saxon
one, but this does not introduce any essential physical restriction on the problem.

First, we consider the scattering solutions for x < 0 with |E| > m. In this case and on
making the substitution y = e~*/“, (8) becomes

o) dpu(y)
2 2
Yo Vg +“[<

2
E—l—L) —m2+ivo%}my):0. (11)
a(l—y)

Splitting off powers of y and (1 — y) by setting ¢, (y) = y*(1 — y)~ f(y) and substituting
it into the above equation reduces it to the hypergeometric equation

d? d
y(l—y)d—yzf(y)+[(1+2u)—(1—ZM—ZA)y]Ef(y)—(u—)\—v)(quA—V)f(y) =0,
(12)
where
w=iap,  p*=(E*=V{)—m’,
(13)

v =iak, kK= (E*>—m?), A= —iaV,.
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Fig. 1 The Hulthén potential barrier for a = 1, x = £0.5 ~ +0.01

Equation (12) has the general solution
SO =Fpu—v—»>Apn+tv—»2r1+4+2u,y). (14)
So

PN =y"L—=y) 7 "Flu—v—A,pu+v—~r1+2u,y). (15)

For this to be a physically acceptable solution to the problem, it must satisfy the appropriate
boundary conditions as x — —oo. The solutions as x — —00 = y — 0o can be determined
by using the following asymptotic behaviour of the hypergeometric function [13]

_foré-a . rote-5on .., (16)

FO) = Fore—a T'(@)(c —b)

And noting that in the limiting x — —oo, (y)* =e™**, (1 — y)™* = (—y)~*. In this limit,
¢ (x) can be written as

lim ¢ (x) = Ae'* + Be k¥, 17
X—>00
From (6) the other component, y (x), is

1
x(x) = —[i(E = V()$(x) - ¢' (0] (18)

Substituting (17) into the above gives

E—k\ . E4+k\ .
lim ¥z (x) :A(—)e”“ +B<;>e_‘k". (19)
x—>00 m

m
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Where the condition V(x) — 0 as x — —oo is considered. The Dirac spinors, u;(x) and
u,(x), can be written as

ul(x)=1[A<m7+E_k>e"’“+B<7m+E+k)e*"’“], (20)

2 m m

Uy (x) = l|:A<m_7E+k)eikx + B(w>e—ikX}_ Q1)
2 m m

‘Where in the above

I'(1 4 20)T(=2v)

— e(ka—iu)n” (22)
Frpw—v—-—Mrd4+pu—v+»a

_ ra+2w)rQv)
T T+ v—MNCA4+pu+v+A)

It can be seen from the above that the wave function, ¥ (x), comprises of an incident and
reflected wave far to the left of the barrier which is a desired form to establish reflected and
transmission coefficients.

Now we consider the solutions for x > 0. In this case choosing z = e™*/* and substitute
it into (8) yields

ef(k(l+i,u.)7'r. (23)

) & d 2 z Y 2 . Wz
b4 d_Z2¢R(Z)+Z£¢R(Z)+a E_Vol—z —-m —lm or()=0. (24

Putting ¢»(z) = z7"(1 — z)*g(z) and substituting it into (24) reduce it to the following
hypergeometric equation

d2 d
z(1 —z)d—z28(z) +[(1=24) = (1 =2v +2)»)Z]&g(z) —(—v+r+u)(—v+r—p)g(z) =0.

(25)
Equation (25) has the general solution
g =diF(—v+r+u,—v+i—pu,1-2v,2)
+ " FOo+r4+pu—1Lv+a—pu—1,142v2). (26)
So
Pr(@) =diz" (1 =) F(=v+A—p, —v+Ar+u,1-2v,2)
+d’ (1= FOo+A+pu—1Lv+r—pu—1,142v, 7). (27)

Alsoas x — 00,z — 0, (1 —z) =1, and 77" = e’**. Therefore in order to have a plane wave
travelling to the right as x — oo, d, = 0. So

dr(2)=diz" (1 =) F(=v+ A —p, —v+Ar+u, 1 —2v,2), (28)
and
lim ¢r(x) = de’**. (29)
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Whilst the other component

E—k\ ... .
lim xg(x) = d1< )e’”e”‘*x (30)
X—>00

From (5), the Dirac spinors, #;(x) and u,(x), can be derived as

1 E—k\ .
ur(x) = —m(L)e””z 31)
2 m
] —E+k\ .
s (x) = —id1<u)e’“. (32)
2 m

4 Transmission Resonance Condition

In order to find out the condition of transmission resonance, we begin with a discussion of
the current density. The electrical current density for one-dimensional Dirac equation (1) is
defined as [8]

- 1
j:gb(x)yxx/f(x):§(|¢>(x)|2—lx(x)|2). (33)

The current density as x — —o0 is ji = jin — jrs1, Where jj, is the incident current density
and j. is the reflected one. Similarly as x — oo, we have that the current density jr = jians
where jjqns 1s the transmitted current. Substituting (17), (19), (29) and (30) into (33) we find
that

. k k
JL=|A|2ﬁ(E—k)—IB|2ﬁ(E+k), (34)

k
JrR= |d1|2ﬁ(E—k). (35)

From the conservation of charge we have that j, = jz which together with the reflection
coefficient, R, and the transmission coefficient, T’

B> [ E+k |dy|?
R=—b : T=-—, (36)
|AP\E - K |A]?
we obtained the unitarity condition
T+R=1. (37)

From (37) we find that transmission coefficient 7 and reflection coefficient R satisfy the
relation T =1 — R. This gives

|BI? (E+k
T=1-—|——|). 38
o (38)
From (22) and (23) we get

B TU+2wWI QoI (w—v— M1 4p—v4 e ketinn 39
A TA4+2W)T(E20T(w+v — )T+ p 4 v+ Leka—ima
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Since v = iak is imaginary, the ratio of I'(2v) to I'(—2v) has no contribution to | B|*/| A|2.
Equation (39) is reduced as
B (u=v+ATu—v+0l—v=2)

2 _ e ke, (40)
A @WH+v+MI'(p+v+0)T(w+v—2»2)

Where we used the relation I'(z + 1) = zI'(z). Substituting (13) into (38), we obtained

(v + M (A v+ M (v = D) E-k

From (41) we obtain that the transmission resonance condition when the transmission coef-
ficient is unity satisfy the equation,

(= v+ — v+ —v—21)e > =0. (42)

5 Conclusions

In this study the one-dimensional Dirac equation with the Hulthén potential barrier, which
does not have a square barrier limit as the Woods-Saxon one is solved. The exact scatter-
ing state solutions are obtained in terms of hypergeometric functions. It is shown that the
Dirac spinor comprised two components are satisfied the appropriate boundary conditions
as x — —oo and x — oo. The condition for the transmission resonance is obtained from the
conservation of charge.

References

Schiff, L.I.: Quantum Mechanics, 3rd edn. McGraw-Hill, New York (1955)
Newton, R.G.: Scattering Theory of Waves and Particles. Springer, Berlin (1982)
Bohm, D.: Quantum Mechanics. Prentice-Hall, New York (1951)
Senn, P.: Am. J. Phys. 56, 976 (1988)
Sallosi de Bianch, M.: J. Math. Phys. 35, 2719 (1994)
Coulter, B.L., Adler, G.C.: Am. J. Phys. 39, 305 (1971)
Calogerocas, A., Dombey, N., Imagawa, K.: Phys. At. Nucl. 159, 1275 (1996)
Kennedy, P.: J. Phys. A, Math. Gen. 35, 689 (2002)
9. Rojas, C., Villalba, V.M.: Phys. Rev. A 71, 052101 (2005)
10. lJiang, Y., Dong, S.H., Antillén, A., Lozada-Cassou, M.: Eur. Phys. J. C 45, 525 (2006)
11. Villalba, V.M., Rojas, C.: Phys. Lett. A 362, 21 (2007)
12. Dombey, N., Kennedy, P., Calogerocas, A.: Phys. Rev. Lett. 85, 1787 (2000)
13. Fliigge, S.: Practical Quantum Mechanics. Springer, Berlin (1974). Problem 207
14. Hulthén, L.: Ark. Mat. Astron. Fys. A 28, 5 (1942)
15. Varshni, Y.P.: Phys. Rev. A 41, 4682 (1990)
16. Jameelt, M.: J. Phys. A, Math. Gen. 19, 1967 (1967)
17. Barnana, R., Rajkumar, R.: J. Phys. A, Math. Gen. 20, 3051 (1987)
18. Richard, L.H.: J. Phys. A, Math. Gen. 25, 1373 (1992)
19. Berezin, A.A.: Phys. Rev. B 33, 2122 (1986)
20. Dominguez-Adame, F.: Phys. Lett. A 136, 175 (1989)

PN N R W=

@ Springer



	Scattering and Transmission Resonances in One-Dimensional Hulthén Potential Barrier
	Abstract
	Introduction
	The One-Dimensional Dirac Equation
	The Hulthén Potential Barrier and Scattering States
	Transmission Resonance Condition
	Conclusions
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


